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Abstract

In this paper we cast the problem of income redistribution in two
different ways, one as a non-linear goal programming model, and the other
as a game theoretic model. These two approaches give characterizations
for the probabilistic approach suggested by Intriligator for this

problem. All three approaches reinforce the linear income redistribution

plan as a desirable mechanism of income redistribution.
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0. Introduction

This paper addresses the problem of optimal distribution of income
utilizing three different approaches. The purpose is to unify these ap-

proaches and to show that in some important cases they are equivalent in

v ey

the sense that we obtain the same optimal distribution regardless of which

method 18 used. {

The income distribution problem has many aspects which cannot be ad- i

dressed in this paper. One aspect is to see how income and wealth are

distributed and to explain the difference in their distribution i2]. ¢

i Another aspect is the impact on society and economic efficiency of

government measures to redistribute income and wealth [15,18}. There are

gy

also philosophical questions concerning income distribution e.g. what
meaning should be attached to inequality of income? 1Is it desirable or

not? What measures should be used to measure equality or inequality [2]?

T IO X, e 3

Our concern in this paper is optimal distribution of income. The ap-
proaches taken in the past involve either the implications of certain
axiomatizations of the concept of "equity”, or, deductions from general or

specific social welfare functions. In [1] Atkinson deduced, assuming a

e i 0 s e el e

certain welfare function, that a linear 1ncome_systeﬁ as defined 1n (2.12)

is optimal for that welfare function. Hammond in (8] showed that an

e o X gV AP Y16 e me PP ey

“equality” income system as defined in (2.11) 18 optimal under assumptions

which involve the level of utility functions and the type of welfare func-

tion used. The above represent typical efforts in the current trend for
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addressing optimal distribution of income. A different approach is sug-
gesied by Intriligator in [9]. He suggested the probabilistic approach
which we shall review.

In Section ) we will define the problem and the assumptions underly-
ing the models to be presented. In Section 2 we will present the approach
given in [9]. In Section 3 we will cast the problem as a goal programming
model. Section 4 will contain a game theoretic approach, In Section 5 we

will compare the three models and conclude this paper.

1.0 Statement of the Problem

The problem of income distribution may be stated as follows. Con-

h

gsider a society with m individuals the 1c of which has an

initial income y: « The distribution of income is summarized by the

vector
(1.1) ZO - (Ycl’. Yg. seey Y:)O

The total level of income at this {initial distribution is

S
(1.2) Y o= ) oy
1=l

Let us define a final distribution, i.e. a distribution of income after
adjustment according to a policy wechanism, by the following vector
(1.3) z = (yl' yZ' ceey ym)

The total level of income for the final disttibﬁ;ion is
. m
(1.4) Y= 1 v
i=]
The problem of fncome distribution is that of shifting the inital

distribution in (1.1), assumed exogenously given, to the final

distribution, y, in some desirable way.

E—Ts = —eramrh-o e aord
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It i3 more realistic to consider the problem as income redistribution
rather than income distribution as suggested by Intriligator in [9] be-
cause in most societies, whether market—oriented or socialist, there is no
mechanism for creating a "first-shot” income distribution. Rather there
are usually mechanisms for influencing and modifying an existing income
distribution through taxes, social security, public assistance, rationing,
or other programs.

Thus the problem is one of starting from some pre-existing distribu-
tion of fncome and, by various combinations of mechanisms, creating a new
income distribution, {.e, a Egﬁistribution.

Two assumptions will be made in order to simplify matters. The first

is that any distribution does not affect the total level of income. Thus

(1.5) Y° = .

Realistically, redistribution can and does have an effect on total income
through incentives, i.e. 1f the redistribution policy doesn't give incen-
tives for earning then this tends to affect the total level of income in
succeeding periods. The second assumption is that there are enough mecha-

nisms available to achieve any final distribution y from an initial
-~

distribution Z?’ subject only to constraints (1.4) and (1.5) which may be

written as

(1.6) Py
. y, = Yer» ¥, 20
fa1 1 qap 1T~

The income redistribution problem can be restated as, given the

inital incomes y;. choose for each individual 1 an increase or a




decrease X, 8o that final income is the original income plus this change
in income

o
(1.7) g =Y txy
Then the redistribution is summarized by the vector

o a

(1.8) X = (xl. Xos eees xm). where X, > - Yy 1%1 x, = 0
If a particular X, is postive, it can be ifuterpreted as a subsidy,

and 1f it is negative it can be interpreted as a tax. Then the

redistribution problem is to choose Xy in order to satisfy some

conditions of optimality, as discussed in Section 2.

A second way to state the income redistribution problem is
as a transfer problem from some individuals in the society to others in a
way to achieve the final income distribution defined in (l.3). If we

define xij as the amount transferred from individual 1 to j, then we

will have

(1.9) L%y Yy v
3

(1.10) L %, =Y., v
{7 3

x1j in order to achieve y

Then the redistribution problem is to choose
in a desirable way, as discussed in Section 3.
A third way to state the income redistribution problem is to consider
the m individuals in the society as involved in an m—person game. Ve
would like then to formulate the game in such a way that some solution of
this game produces the final income redistribution y defined in (1.3) in

Lo

a desirable way, as discussed in Section 4.
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2.0 A Probabilistic Approach to Income Redistribution

The probabilistic approach to income distribution, as presented in
[9], 18 based on the probabilistic approach to social choice in (7,11].
The connection with gocial choice 18 clear since income distribution is
one of the most important issues in social choice.

In the probabilistic approach to social choice, it is assumed that
each 1n&ividual i has a probability vector qy expressing his
preference among n alternatives
(2.1) q = (qil’ Qigs eoe> qin) {i=1,...,n
where qij is the probability that individual i will choose alternative

Aj if he could act alone in deciding among the alternatives. We assume

three axioms:

1) existence of social probabilities,

11) unanimity preservation for a loser (i.e. 1f all individuals
choose a particular alternative with probability zero then so does
society),

114) strict and equal sensitivity of social probabilities to
individual probabilities.

It follows that there is a unique rule to determine social probabili-
ties Pj’ where Pj is the probability that society will choose
alternative Aj. This unique rule is the "average" rule which states
that the social probabilities are simple averages of individual

probabilities.

1] B
(2.2) Pj .; );
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This concept was applied to income redistribution by specifying

R AR Ar- Rt A TR

alternatives Aj for final levels of income. There are many such
alternatives. Indeed the set of alternatives is infinite. However, in
: {9) only discrete finite sets of alternatives were considered.

Consider the following extreme situation where we have m alterna-

tives and alternative jJ 1is defined as

(2.3) Ajz vy = Y and y; =0, forall {# j

o

i.e. x

- - 0
j Yo for all 1 # j

=Y - y? and Xy

This is an extreme alternative for income redistribution since A

3
refers to the situation in which all individuals other than j turn over
their income to j. If individual j can obtain alternative Aj he !
will assign probability one to this alternative since it gives him all the

income, i.e.

(2.4) 9y = 61j =] or 0 accordingas i =3 or not

where 511 is the Kronecker delta. Under the average rule the

society chooses Aj with probability Pj given by

1
(2.5) Pj - i.

implying that individual { has probability 1/m of getting all the in-

come in the society. This societal choice is clearly one of equity in the
sense that each individual has an equal chance of obtaining all the

income in the society. Also each individual has a chance of 1 -~% of

ey eran TSRS %
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receiving zero income under the alternatives considered here. This result
is an extremely limited one due to the restrictions imposed on the
alternatives,

Next suppose that individual i receives with probability one a base

level income ;} considered as the subsistence level of income.l It is

agsumed the total level of income exceeds the sum of the base levels of
income.
(2.6) X yi > z ¥y» orf Y¥P=Y-Y>0
i=l i=1
where ol is surplus income and Y 1is the total of the base levels of

income. Consider the case where the number of alternatives equals the

number of individuals in the society and the alternatives are given by

(2.7) Aj t Yy ='§3 + Y% and Yy ='§i, for all i+ j

— o —
i.e. xj = Ys - (y; - yj) and Xy = - (Yi - Yi)’ for

all {1 # j
This case corresponds to the situation in which each individual receives
his subsistence level of income, but the jth individual receives in
addition all the surplus income. The individual probability vector 1is
again given by

(2.8) 9y = 613 =1 or O according as 1 # j or not

lThe base level of income can be identified as the total expenditures
na } b 1 %evels of oods and services in a 11near expenditure system.
gee } 0, 1 T or discus ions of this system. ome %xfl e&%%ﬁﬁi 1y
identify base level of income as expend tutes req red for p
maintenance of the 1nd1v1dual.
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The average rule implies that the {andividual j after redistribution has
the following income

7. + Y  with probability -
(2.9) 3 o

7 with probability 1 -2
implying that all individuals receive their base level of income with pro-
bability 1, with individual 3j recelving all the surplus income with
probability 1/m. Now assume individuals are risk averse but will settle

for expected values, gliven as

(2.10) By =T, +T“;Ys
The resulting income redistribution is characterized by the equal of
income received over the base levels of income. This redistribut - .s
referred to as the "equality income system” (EIS). In the equality system

each individual receives his base level of income plus a proportionate

share of the surplus income.

1 -, 1 —
(2.11) yj+;‘ls-yjl+;(‘[°-?')-yj+

e (] L .
(12 Yi = E Yi) fOl’ all j = 1, 2, s ey M.

1 i=]
A generalization of the equality income system is the linear income

system (LIS) defined by

(2.12) y.1 - y& + BJYS for § =1, 2, ..., m.

In this system each individual receives his base level of income plus a
share of all income in excess of total base levels of income. This system
18 defined by the set of base levels ;; and shares. The shares, called

“"marginal income shares”, satisfy the following conditions

e e ot
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m
' = :
(2.13) B, 20, 321 By =1

The equality income system 1s that special case of the linear income

system with 8, = 1/m for all j =1, 2, ..., m«s Another interesting

Y

]
redistribution system is the proportional linear income system (PLIS). 3

It arises as the special case of the linear income system where

(2.14) ej - yg/Y° forall j =1, 2, ..., n.

The redistribution systems obtained in this section by probabilistic

constructs will be obtained by other approaches in Section 3 and 4.

3.0 Non-Linear Goal Programming Model

We would like tc emphasize that the model to be presented here is not
dependent on assumptions of existence of utility functions or of social
welfare functions. Atkinson in (I} and Champernowne in [3] employed such
assumptions, however, and showed that we can obtain the linear income sys-

tem given in (2.12) by solving the following >roblem:

(3.1) Minimize W = -~ ’gl Biln(y1 - ;;)
subject to
(3.2) Ly, =0y

yg 20

W 1s the Bergson welfare function, gererated from the logarithmic utility

function. If we apply the Kuhn-Tucker conditions to (3.1) we get

- -1
(3.3) B (yy =¥ =X +u

i

(3.4) yuy = O




e ey

ey

If y, >0 then u, =0 and B,/A =¥, -y,

or, yi -yi "Bilx ’

Sy, =17, -1
so that y, =)y, - B, /A
O S R - S |

|
But ] B, = 1. Thus Y.L

Ty S o

Thus we obtain Yy =Yy + BiYs, the linear income system,

The difficulties with the Atkinson~Champernowne approach are the A
underlying assumptions of existence of utility functions and social
welfare functions.

There are many other measures of income inequality in the economic %
literature. One of these, the Kullback-lLeibler information theoretic . f
measure, has many desirable properties.2 It 18 derived from the expected i
relative information concept, and it will be used as our objective to
minimize. Using it we reformulate the income redistribution problem as
follows. Let

x = amount of income transferred from individual i to individual

1)

J 1in redistribution . Then we have the following:

(3.5) N Xy -y: {=1,2, ..., n.

Tt ot P 4 T oy VAN A iy

(3.6) ) X4y =y 1=1,2, ..., m.

2For more on the properties of the Kullback-Leibler information

function as a measure of income inequality, see Chapter III and IV of
[16] and [6,17].
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Now we define income redistribution as the solution to the following
extremal problem:

(3.7) Minimiz ) x, . 0 (%)
¢ § } 1370 13

subject to equation (3.5) and {3.6) and all Xy > 0.

Applying Lagrange multipliers, we obtain as the first-order

conditions
(3.8) ln(xij) + 1+ Ai =0
n
I ox -]
gm0 Y
Solving for xij' we obtain
X: = e-')‘i-l
b
-Ai-l
Using equation (3.5) z X,, = yo = me
13 ~ 71
3
Hence n y:/m - -Xi -1
* o
and X4y " yilm
The optimal redistribution of income is then
* o, _lyo _1
). xij z yi/m EY Y,

a uniform distribution of total income. To be more realistic we should
add constraints such as that each individual has to attain his subsistence
level of income. Also we should modify our goals in the objective
function. In this way we suggest the following extremal problem to
characterize income redistribution:

m 1]
(3.9 Minimize 12-1 jgl xjnzn(xu/c“)




g o

subject to (3.5) and

(3.10) X, >
L %y 27

Xy 2

Applying the Kuhn-Tucker conditions ylelds

(3.11) in (x:lj/cij)"'l -xi +uj
o
% *13 A
(3.12) (- E Xy * yj)uj =0
uj 20
n —
If we assume 2 xij > yj, then we obtain the complementary slackness
i

condition u:l = 0 for all j., Then

fn (x:lj/cij) = =] + xi

and xi.1 = c:i.1 e.llHi
Summi ng over }§
m
b xyg - e"“i(jgl ¢yy)
Let
? a o A
321 44 =i and 12-1 ¢y " Coy Then we have

- o
Xi 1 in (yilcio)

X9 °1j(’2/°1.)'




Optimal income redistribution is then given by
c
vy " g 4y E (1) 53
3.

The problem of income redistribution in this setting is reduced to
the choice of the t:i.1 matrix. PFor each matrix C 4 (cij) cor-
responds an income redistribution pattern. The C matrix may be taken to
represent a policy matrix.

The following examples show some income redistribution patterns
derived from the extremal problem with different choice of C. Suppose
C = I, the identity matrix

1 1f 1 =3
i.e. °ij -{0 1€ 1% 4
This matrix results in the status quo income distribution system presented

in [9] since we have
* cii o o
X, = y, =0y, if 1+
-1 -y, if 1=]§

so that - y2,
Yy =y
Each individual transfers all of his income to himself.
Next let C = E, the matrix of ones,

ioeo - l' Viij

Cyy

This matrix results in the uniform redistribution pattern

* l1 . o
*3 " a1
m
10 1
y-{x*-—Y-—Y
11_11jn m

An interesting example which gives rise to the linear income system

is the following:
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~14~-
Let C = (ctj) where
¢
[+] -—
(yg = ¥y)
kj > cy. for 1 ¢ j .
c,, = 7t
13 o — -
[E.‘[ (Yj 'zl) +yjlci. for 1 = j§
°
Y3
where kj is any non-negative number. If we set Cye = 1, we
get for C = (ci.j)
K, O0F - 7y)
L S L
k, (v, —y) +y
IR TS LR R
73
The final income di{stribution will be
m C m
- Ly G -F)+k,0G° V) +7
vy 12_1 e 0t 1).:_1 J O - V) ROy =T+
i#3
-5, +¥, fl 00 =T =T, 45, $a1, 2 .
1=
i#3
f.e. the linear income system givean in (2.12). We note that we must have
a
1 kj = ]. For that consider
3=1
= yo - ¥, = y,
lae, = ) emdot § g+t
i. 13 o 3 o
j=1 Yy j=1 Yy ¢

Thereby

I e v e

s ot o o BT

ey
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I n
k, =» ) k, =1 as noted,

v A 3

Thus also the kj's correspond to the Bj's in (2.12).

The extremal principle formulation has another advantage over the
probabilistic approach in that we can easily add whatever other realistic
inequality conditions we might want to satisfy. Another important advan-
tage of the extremal formulation in (3.9) is that that problem and its
duality states are well characterized by A. Charnes, W. W. Cooper and L.

Seiford in [4].

4,0 A Game Theoretic Approach to Income Redistribution

The results of section 2 and 3 can be obtained by still another ap-
proach. We will formulate the income redistribution problem in terms of a
game with m players. The problem lends itself naturally to definition
as a cooperative game. Then, various concepts of solution in game theory
can be applied to give optimal income redistributions.

The game is assumed given in characteristic function form. A charac-
teristic function of a game is a mapping from the set of all subsets of
the set of all players M= {1, 2, ..., m} into the real numbers
satisfying the following:

(4.1) v(p) = 0
(4.2) V(SUT) > V(S) + VW(T), whenever S n"r = ¢ wvhere S, TCM.
This latter property is called "superadditivity”. For more about

games in characteristic function form see [12,13,19].
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There are many concepts of solution for a game. The most popular
concepts are the von Neumann-Morgeastern solution, the core, the Shapley
value, and the nucleolus. In this section we shall apply the Shapley
value solution. For more about concepts of solution see [5,12,13,19].

The Shapley value for an m—person game with characteristic function V is

defined as

(4.3 o, = LDl pyery - vt - (1))

™A

TCM
1 T

where t = ,T' , the number of elements in T. ¢i is to be the final

income y,; for individual 1 from the m-person game with characteristic

function V. For more about the Shapley value see [12,13].
A cooperative game with an additive characteristic function is called
an “inessential” game, Other cooperative games are called “"essential”.

An imputation x = (xl, ooy xm) for an m-person game with

characteristic function V 1is a vector satisfying

(4.4) 2 V(1) and [x = V(M)

X3

A vector x = (xl, veny xm) is in the core of a game {ff it satisfies the

following
n
(4.4) x, 2V, I ox >wm, [ x =vM),
ieT i=1

for every T C M.




Theorem 4.1
An inessential game has only one imputation given by

(V(1), vee, V(m)) and this imputation is the core and the Shapley value.

Proof

Given any {imputation x = (xl,xz,...,xn) can be expressed as

x, = V(1) +ai, a 20, 1 =1, 2, ¢«vs, m. Then we have

m m m
2 X = 2 V(i) + 2 a. But since the game 18 inessential we must
i-1 1=1 i=]
have
m
Y V(1) = V(M). Also from the definition
1=}

of imputation we have

m
) X, = V(M). This implies Zai =0, and
i=l

since all ai_>_0 then a, = (0 for all 1. Hence

x= (xl' seey xm) - (V(l), ceey V(m)).

We notice next that the unique imputation (V(1), se¢e, V(m))
satisfies (4.5). Hence it is in the core and the core consists of this
one imputation.

Since this {s the only imputation, and the Shapley value exists for

every m—person cooperative game, it must be the Shapley value.

Q.E.D.
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Theorem 4.2

The linear income system defined in (2.12) i{s the imputation given by

the core and the Shapley value of an inessential game.

Proof

Consider the m-individuals in the socliety as players in the game with
characterigtic function

(4.6) wm =1y ) B, TCHM
T {eT

vhere M = {1,2,...,m} 1s the set of players and ?;, Y%, and B are

as defined {n Section 2. Note that V(M) = Y°.
The game defined by (4.6) is inessential, since for all R, TCM

with RNT = ¢, we have

(4.7 VI(RUT) = V(R) + W(T) = )} V) + )} V()
ieR JeT

By theorem (4.1) the Shapley value for the game defined in (4.6) is the

same as the core and is given by

(4.8) b = V() =, + siys

Hence the Shapley value and the core of this game constitute the linear
income system defined in (2.12).
Q.E.D.
As noted an inessential game has precisely one imputation. An
esgential game has in general an infinite number of imputations. To
formulate the income redistribution problem in terms of essential games

will help {n identifying different possible {income redistribution

patterns.
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Thus we consider an m-person game with characteristic function

(4.9) Wr) = ] §, +Cx°, TcHM
1€T

where M 1is the set of all m-players and C; 1is a constant which
reflects the power and the contribution of subset T of the players.
More generally CT my be considered as a function of each
individual's “power” in coalition T. The CT should satisfy the
following conditions.

(4.10) Cp20, Cp&Cp 1ff RCT, Cy=L.

(4.11) Cp 1s invariant under permutation of elements
of T within T.
Permiting elements with the same initial income, one could write

cij - cji or cijk - cjik = ckji and so on

where the subscripts refer to players in T.
We note that the characteristic function in (4.6) is a special case

of (4.9). By taking. Gy = ] B, we get (4.6).
{eT

One type of (4.9) characteristic function is obtained by taking

(4.12) Gp= N ¥/ 1 ¥ =

[o]
€T 1eM Ty

igT

To satisfy (4.10), y: should be greater than 1 for each 1. We

can scale the initial incomes to have y: 21 for all 1€ M,




Example:

Consider a society with three members. Suppose the initial
distribution is (5,10,20), i.e. y? =5, yg = 10, and yg =20. To

redistribute the income, we define a characteristic function for the game
and then cowpute its Shapley value. let y =7, for alli =1, 2, 3.
3 3
Then Y = § y: -3 ?; =35~ 21 = 14, Using the definitions of
i=1 i=l
(4.9) and (4.12), we obtain the characteristic function
(4.13) V(1) = 7.07, V(2) = 7.14, V(3) = 7.28,
V(1,2) = 14,7, V(1,3) = 15.4, V(2,3) = 15.8
v(1,2,3) = 35
The redistribution plan given by the Shapley value for this game 1s
1 = 11.56, y2 = 11,63, y3 = 11.81
We compare this next to other income redistribution systems given in
Section 2.
The equality income system yields

y, = 11.66 for all 1 =1,2,3

while the proportional linear income system yields

yr =9 y2 = 11, y3 = 15
The redistribution plan given by the Shapley value for the game in (4.13)
is in the core of the game, but it is biased toward low income indivi-

duals. The linear income system does give a reasonable redistributfon

plan. This plan as we know from theorem (4.2) can also be generated from (

an inessential game.
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5.0 Conclusion

We have examined three different approaches to the problem of optimal
redistribution of income -- the probabilistic, extremal, and game
theoretic approaches, The extremal and the game theoretic approaches each
yield results similar to those of the probabilistic approach, including,
in particular, as one important special case, the linear income system in
(2.12).

Thus the linear income system, in which each individual receives his
base level of income plus a share of all income in excess of total base
levels of income can be 1ntgrpreted as an outcome of a probabilistic
social choice mechanism, or, alternatively, as an implication of the
extremal problem using the Kullback-Leibler information function with
certain weights, or alternatively, as the Shapley value or core of a game
theoretic problem with a certain characterfstic function. These
alternative interpretations provide reinforcing justifications for

consideration of the linear income system as a desirable mechanism of

income redistribution.
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